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USA

Received 17 July 1990

Abstract. We construct the dynamical symmetries of U(16), the algebra related to the
quantization of classical reflection asymmetric shapes constructed from A"=0%, 17, 2%, 3~
multipoles. Generators, Casimir operators and their expectation values and branching rules
are detailed for all dynamical symmetry limits, focusing primarily on those relevant to
octupole deformations and vibrations. The resulting operators allow the construction of
dynamical symmetry Hamiltonians.

1. Introduction

The U(16) algebra was originally proposed to describe the bosonic quantization of
classical reflection asymmetric shapes described by A"=0", 17, 27 and 3™ multipoles
[1]. The application was directed to the description of nuclei with reflection-asymmetric
ground states. Recently, this algebra and its non-compact extension U(15, 1) have also
been proposed to describe bag-like properties of baryonic spectra [2]. Such interacting
boson algebraic approaches to collective excitations have had tremendous success in
describing many features of nuclei [3]. To date, nuclear interacting boson model studies
have focused almost exclusively on positive-parity excitations (A*=0", 2%). This is
due in part to the lack of a model to describe the interactions with negative parity
excitations and the correct electromagnetic transition properties observed in nuclei.
The current interest in nuclei with stable ground-state octupole deformation has resulted
in a flourish of experiments in the light actinides and neutron-rich rare-earths, providing
new data on the interaction between positive- and negative-parity collective nuclear
excitations. This has led to the emergence of interacting-boson-model Hamiltonians
constructed from positive- (s and d) and negative- (p and f) parity bosons [4, 5], which
has had some success in describing experimental data in nuclei with suspected octupole
deformation [5-7]. The success of this model indicates the need for a full understanding
of the algebraic properties and dynamical symmetries of U(16), which can result in
tractable analysis and predictions of experimental data.

In a previous article [8] (hereafter referred to as I), the complete algebraic lattice
of U(16) was constructed. There we argued that only seven of the 165 dynamical
symmetry limits of U(16), called pdf dynamical symmetry limits, are relevant to the
study of octupole deformed shapes. Unfortunately the identification of the subalgebra
lattice in I is only the first step in the study of predictions of the U(16) model.
The explicit structure of the subalgebra, specifically the forms of the generators, the
quadratic Casimir invariants and the branching rules, are of central importance to the
study of dynamical symmetry predictions. In this article we complete the next step of
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the analysis of U(16): the explicit construction of the generators and quadratic Casimir
invariants of all the subalgebras. We focus primarily on the pdf dynamical symmetry
limits, although for completeness all algebras are constructed. With the completion of
this step, the final step will be to detail the physical structure of the relevant symmetries
using simple phenomenological Hamiltonians built from the Casimir operators. Elec-
tromagnetic transition operators can then be selected from the generators of the
dynamical symmetry algebras of the particular chain. This will be the subject of a
separate study.

We begin in section 2 with the introduction of the U(16) interacting boson model.
In section 3 the maximal subalgebras of U(16) are constructed. In section 4 the seven
pdf dynamical symmetry limits, introduced in 1, are studied. The remaining non-trivial
subalgebras that appear in the dynamical symmetry limits of U(16) are discussed briefly
in section 5, followed by the conclusions in section 6. As is now standard in interacting
boson model literature, we refer only to the classical Lie algebras with the large symbols
U(N), O(N), Sp(N) and G,.

2. The spdf 1BM and its generators

The spdf 1BM is generated by boson creation and annihilation operators with J7 =07,
17, 27, 37. Their creation (annihilation) operators are denoted by s” (s), p,. (p,), d..
(d,) and f; (f.), respectively, where u is the magnetic projection (u=—1...,1).
Occasionally, we use the generic operators b,, and b,f# with 1=0,1,2,3. It is well
known that while the creation operators transform as spherical tensors, the annihilation
operators do not. This leads to a redefinition of annihilation operators that do transform
as spherical tensors: b,M =(~ 1)’+“b, _.. The generators of the Lie algebra are then
constructed from the Racah tensors:

G (I =[b5,]g" = T (lul'|KQb} by, (1)

Occasionally it is convenient to construct subalgebras from pseudo-spin realizations
of U(16), using double tensors of the form [6]

x hooj L
Cg(olo Y= L P(L, LXK QK;QxlaB)s js  ja L,
nhaad K, K; «

xVQ2K, + 12K, + (2K, + (2K, +1)G3(L,L,) (2)

where P(L,, L,) is an arbitrary phase. This type of realization of U(16) is also relevant
in the study of Bose-Fermi symmetries in odd-odd nuclei. Particularly, U(16) arises
as the symmetry group when two quasi-particles corresponding to neutron and proton
degrees of freedom are given j =3 configurations [9]. Upon constructing generators
that mix the protons and neutrons, the U(16) algebra is obtained as a maximal symmetry.
The subalgebra U(4)@ U(4) then emerges as a natural decomposition of U(16) into
separate proton and neutron U(4) subalgebras, one for each j =3 configuration. The
similarity in the algebraic structure is related to the fact that bosons with A =0, 1, 2
and 3 can be expressed as coupled fermions, each with j=3. In this respect, the
algebraic lattice of U(16) that is detailed in this article is relevant to such Bose-Fermi
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models. The Racah tensors satisfy the commutation relations
(G5 (hh), G '(l1)]
= Y VRK+1)QK +1{KQK'Q'|K"Q"
K",Q"

. +x|K K K" .
x(_l)K—K[SIZIS(_I)II—14+K+K +K{ }G(OK )(1114)
L L L
| K K' K" .
_811’4(_1)[3 [2{1 i ! }G(QK )(1312)}' (3)
3 2 1

Here the symbol with the curly brackets is the usual 6-J symbol found in [10]. The
physical angular momentum algebra O,4(3) is generated by

LY =2 p'p1y +vVI0[d d1\ +2vILf F 1 (4)

and must appear in every subalgebra chain. The general chains are of the form
U,par(16) G2 G' ... ©20,4(3). Here G and G’ are intermediate subalgebras. The O(2)
subalgebra is not important in our constructions, and since it can be added trivially
to every chain, we omit it.

3. Maximal subalgebras of U;4(16)

In this section we construct the maximal subalgebras of U ,4«{(16), listed in table 1,
and branching rules. The simplest subalgebras are the maximal regular subalgebras,
which correspond to partitions of the four types of bosons into separate subalgebras
[8,11,12]. The less trivial S-subalgebras require pseudospin realizations of U,,4(16)
that better reflect the dynamical symmetry. In this section we refer to the generators
listed in table 2.

Table 1. Maximal simple and non-simple regular and S-subalgebras of the U,,4(16)
interacting boson model which contain the physical angular momentum.

Model Dynamical symmetry Type of embedding
U, par(16) S-subalgebras:
0,p41(16) (Simple)
0,,4¢(10) (Spinor, simple)
SUpa{ D SU 4(4) (Non-simple)
SUaf(2YDSU 4¢(8) (Non-simple)
Regular subalgebras:
Uogr(15) (Simple)
U, (3)@ U (13) (Non-simple)
U (4)@U4(12) (Non-simple)
Ug(51@ U ,((11) (Non-simple)
U, s(6)@ U ((10) (Non-simple)
U T)@ U, 4(9) (Non-simple)
U8)D U ,4(8) (Non-simple)
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Table 2. Generators and quadratic invariants of selected maximal subalgebras of U, 4(16).

SU4)®SU4) L' =vI05,2 =Vv2[p'p1L +VI0[d d ] + VT £ F1L"
“’——x/_ﬁf‘“ =V5[sp+p's1 =22 p d+d 1V +VId F 1 d]“’
QX =92 =4s"d+d's1Y+(V2I10) p' f+ /512 - (VE/5) p F12 + (V21/5) S F12
MP= ﬂf”l —V3/10[p'd +d"p1.2 +T/10[d ' f+f'd]}2
T3 = 23 =V375[p f+ 510 ~ (1/VD[d"d1D +V3TTOL £ F1
o;;”’— 1%‘31=§[:*i+ﬁ5]f)+%\5/§[p*d+d*ﬁ]f)+\/3/—5[d“f'+f*ﬁ]§3>
éz,suum@sun(M =%(2)_01:2+ OZ+ 7‘-2_%0152_ M- éz)

0(10) G = (1/45)(5A,+ A, — 3Ay+ Ap)

g =( 1/2J_)(¢'[s*;3 pis1V-2v2[ptd —d p1Y —VId - A1)

G2 =((2[p'pI +5[d d) - f[ff]"’+2f[p F+512)

Z3 = (/2D f = fs12+V375[ptd —d ' p12 - 2375 F ~ f1d 1)

@ =4[d"d1Y -VITS[p T+, F1P +VITTL S F1P)

LY =V2[p'p1l+vT0[d d1) + 2V £ 1

DY =V3[s"p+p )V -2V3[ pTd +d FIV + VI +1dY

T3 = V375 p F+ 510 - (/VDId d) + V370 £ 711

OF =i f+ 810+ 375 p'd +d p1> +V373d"f + 1]

éz,ouo;=§( @(10), @<1o;+ @(30). @¢30)+ @(0(;, @(01)+<§103;. @(03»+ e )“wgm fgg;' V)
vt

4
(l: +T2- LO[A):—OZ—FZ gt )911())
K

=0

S

)

UB)®SUQ2) #4% =3T720d"d 1+ (V3/3) F1 = id " f - fd1y
I =V AN+ (VD TIG - (/2 d F-f7d1
Fo =Md A1+ WIBLOTIS - (Ve)d f- 1Al
& = (V3/6)(d"d1 + (VTI/6) £ 1% - W372d F -]
SU() iy = (/NOLSF1G - 3731 T -1
3 = GG = =TT =,05)Y + W (p d =d F1E + (VI p T £ 1S
F e §o0 =is"d=d s1(2’+(1/f[p d=d p13+WTBp' = F1Y
\@f.g%m %:3%‘” (1/2v3)(34,+ 34, -A)
P = (NP PIN — s - pSJ‘.”

Cosiey =l< 5 ;}<Ko;,g}(xo;+9<1o;,gnlo>+ ¥ (j(KU),j(K0)+j(K0>,j(K0))>
2 (81 -
’ 8 \k= K=23
+5 ff!’“’o’ F9) (VIZG ~ R
SU(2) V3F + Z00 = (VI T - WAL A1 + 3RLd T - A

/NP PN +3ls h—ps14
& st j=%(v/§%x0n+j(on) 301 4 oty
28002

3.1. Regular subalgebras

The simple and non-simple regular subalgebras are formed from different groupings
of the four types of bosons. There are seven such maximal subalgebras: U,4(15),
Uar(13)@ U, (3), Us(12)@ U, (4), U, (11) @ Uy(5), U(10) @ Uy(6), Uspa(9) D UK(T),
sf(8)6-)Upd(8) The generators of each of these algebras are all combinations of
operators [b; bk]M , where j and k range over the bosons indicated in the subscripts
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of the algebras. The Casimir operators and the branching rules for these algebras are
summarized in the appendix.

3.2. The O,,4s(16) subalgebra

The generators and quadratic Casimir invariants of O,,4(16) are given by the construc-
tions in the appendix. Choosing the phase convention (A.3) (used throughout the
article), the 120 generators are: [fs+s 718, [p‘p]“’ (d’ d]”” [ 71 [p s+
s P]“) [d S+s 1y, [d p+( 1) p A1, UF-(-D 1Y and [fd+

@mmsﬁuﬁxﬁwﬂw~ﬁ“m (5)

where B'=—s"-s"—p* . p'+d"-d" —f'-f*. The expectation value in the fully symmetric
representation of Ospdf(16) is

<Cz Oney = spdr(vspdf+ 14) (6)

and the restriction Ug,4r(16) 2 O,4(16) on the Dynkin labels are [ Ny ] = (t5par 0, 0,
0,0,0,0,0), where v,,4,=0,1,..., N

3.3. The SU(4)®PSU(4) subalgebra

It is more convenient to introduce a pseudo-spin construction of U(16) that better
reflects the symmetry of this decomposmon usmg Ji=3 (z =1,...,4),and P(L,, L,) =
(—=1)V/PWL7Ls iy (2). The generators Cg 2 and G prov1de the realization of
SU(4)@SU(4). Generators of good rank and parlty ‘can be defined by #X)=
<gg<0°>i <§‘°"’ The rank-zero operator is omitted since it is the same for both SU(4)
subalgebras G0 = Nio,/4. (Of course it could be added to one of the algebras to
produce SU(4)®@ U(4).) The quadratic Casimir operators of each SU(4) subalgebra
are of mixed parity and cannot appear alone in the Hamiltonian, which must be scalar,
rotationally invariant and Hermitian. A suitable operator can be obtained by summing
the two operators. The Young label branching rules for the decomposition U,,4(16) >
SU(4)@SU(4) are given by [NJ]-[n, ni, n,]®[n,, ns, ny], were n,+n,+ny=
Ny—4k, ny=zn=zn=20and k=0,1,...,[ Ny/4]. Here the symbol [ N,.,/4] denotes
the largest integer less than or equal to the ratio. The expectation value of the operator
is just the sum of two SU(4) expectation values in the above representations:

(éz,sum)@sum) =1L6[3(n%+ n§+ ”%) =2(nyny+nyny+ nyn ) +43n, + ny~ ny)]. (7)

3.4. The O(10) spinor subalgebra

This dynamical symmetry limit corresponds to the embedding of the spinor representa-
tion (00001) of O(10) into the fully symmetrlc representatlon [1] of U ,4(16). The 45
generators of O(10) are <§w , G ‘51}8, ‘g“fﬁ" and %)Y, using the realization in
subsection 3.3. This algebra is a result of the structural zero of the 6-j coefficient

{ ?}=0 (8)

[N EN
[NTEN S

(1)
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The 25 generators of @22) are of mixed parity and rank, and a better representation
of O(10) can be obtained from linear combinations of the %>’ by inverting the

uy
definition of §2:
G= T uplKQ-1T e (9)
The quadratic Casimir expectation value is given by
<CAZ‘O(10)>=T16[SU¥O_4UIO(NKOI_2)+Nfot (10)

where Dynkin label branching rules for fully symmetric representations of U(16) into
0(10) are given by [Ntot]—) (0109 09 05 0’ Nlol——zvlo)s With le= 05 15 crey [Ntot/z]'

3.5. The SU(8)@SU(2) subalgebra

Thls decomposmon is easily obtained through the pseudo -spin generators of (2), where
ji=3 3 Spemﬁca ly we. denote the operators as oo’ (i=Js=3, 2=ja=}), $ KK
(Js Jz—Ja—z,Js 2) foo (J2=Js= J4—2>11—§) and y(KK (Ja ]ﬁ‘]s—h—v) Of
these 256 generators, SU(8) is generated by the 63 generators with only left indices
while SU(2) is generated by three generators with right indices. The branching rules
for U,q(16) > SU(8)@SU(2) in terms of Young labels for SU(S) and the spin for
SU(2) are glven by [Ntot]_)[Ntol/2+.]9 Nit/2-7,0,0,0,0, 0]®[]], where J = Nt/ 2,
Ni/2—1,...,4 or 0. The quadratic Casimir operators have the expectation values

(Crsuie) = 553 Niot(Noot +16) + 16 (7 + 1)]

A .~ (11)
<C2,SU(2)>=%j(j+1)-

4. pdf dynamical symmetry limits

In this section we systematically detail the pdf dynamical symmetry limits [8]. These
dynamical symmetries are the limits of the U,,4(16) model which do not decouple p
and f bosons, and retain interactions between positive- and negative-parity bosons for
subalgebras with rank greater than 1. Octupole deformed systems can only be formed
from generators that mix s-d and p-f bosons, or equivalently by dynamical symmetry
limits in which the generators & do not conserve the number of negative-parity bosons:
[fg N ]1# 0. We can consider the three classes of algebras introduced in 1. Class A is
defined as the generators (and hence Casimir invariants) of the algebras that appear
as subalgebras of U,4(6)@ U,{10) and necessarily separately conserve the number of
negative- and positive-parity bosons. Hamiltonians constructed from the invariants of
these subalgebras generate states of well defined parity, given by the expectation value
of the number operator for negative-parity bosons, (N). Nearly all algebras in table
3, including the entire SU,,4¢(3) limit (11a), fall into this class. Naturally parity doublets
are not manifest in these limits since negative-parity states can be moved with respect
to positive-parity states with the linear invariants of U,4(6) and U,{10). The remaining
algebras are the exceptions to this class. Class B are the algebras with Casimir operators
that have good parity but do not commute with N_, while class C are the algebras
with Casimir operators that are of mixed parity and hence do not commute with N_.
There are only two algebras in table 3 of class C: SU_4(6) and SU_4«{3). The eight
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Table 3. The pdf dynamical symmetry limits of U,,(16).

{1 Uipey (18)

| T~

O(10)  Upgr(15) Ua(5) @ U,py(11)

SUpar(6)  Ua(5) @ Ups(10)

Ua(5) @ Upys(5)

(I1a) U.,q(lﬁ)

|

Ups (10) ® U, 4(6)

|

SUps(3) ® SU,a(3)

N

SU,p4s(3) 0p4(3) @ 04(3)

\ Oper(3) /

(I16)  Uspey(16)

|

U,4(6) © Upys(10) Upgr (15)
SUpas (6)
SU4(3)
Opar (3)
(I11a) Uipay (16)
U,a(6) @ Upy (10) SU(4) @ SU(4)
0.:4(6) @ Oy (6)
Oupar (6)
Opr (8)
Opes (3)

class B algebras are SU(4)@SU(4), Sp(4)@D Sp(4), O,p4e(16), OLa(15), O,p(11), O(10),
O,,4r(4) and SU,4(4). From this simple classification, it is clear that Hamiltonians that
describe octupole deformation must include terms from class B or C. Only in this way
can negative-parity bosons be mixed into the ground-state wavefunction. The generators

are all summarized in tables 3-9.

4.1. The SU,4(5) limir (1)

Aside from the O(10) and SU,4{(6) subalgebras which are of classes B and C, all the
subalgebras are of class A, and hence conserve separately the number of pf and sd
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Table 3. (continued)

(I1Ib) Uper (16) (v) Upat (16)
Uper(15) SU(4) @ SU(4) Oupa(18) SU(4)® SU(4) 0O(10)
0,4/,(15)\50',4/(6) Sp(4) ® Sp(4)
5U;41(4) Ot (4)
Oy (5) Opy (3)
Owl(3)
(V) Uupar (16)
O'N(wm@ Upy(10)

0,4(6) ©0py(10) 04(5)® Oups(11)  Opy(15)  Ua(5)® Uys(10)
O4(5) @ Ops(10)  04(5) @ Opy(6)  Ua(5) @ Upy(5) 0,4(8) @ 0,4(8)
04(5) @ Opy(5)
Opg (5) 04(3) © 0y (3)

™~

Opqt(3)

bosons. This limit contains quadrupole vibrations coupled to the octupole/dipole
algebra U,«(5). Octupole deformation can only be described in this system by Hamil-
tonians that include operators from O(10) or SU,4(6). The four maximal subalgebras
0(10), U,4s(15), Ua(5)D U,(11) and U,4(6) @ U,(10), as well as Uy(5)@ U,(10) have
already been detailed. The remaining subalgebra at this level is SU_4{(6), for which
the generators are listed in table 4. Unlike the number operator, the scalar operator
N does not commute with F*® or M. (The phases of 9* and $'*' are slightly
different from those used in the O(10) construction.) The embedding SU,4(15) >
SU,qr(6) for fully symmetric representations of SU(15) in Dynkin labels [13] is [ Nqc] =
{0, n;, 0, N,gr—2n, - 3n,, 0}, where the sum over all non-negative integers n, and n, is
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Table 4. Generators and quadratic invariants of the U 4(5) limit (I). Refer to tabie 3 for
subalgebra embeddings.

Upar(6) N =24, ~#, - i
,:u \/—[p*']‘”+\/ﬁ[d+zi]‘”+2\/—[f'f~]“)
if) (VI p'pI2 - S[d d)P - VLS F12 + 28 p'f+ 11512
M = —\/§/T[p*d+d P12 +VI7100d " f+'d]?
F?=-V6/5(p'd - d'p1P -V1a/5[d'f -1 d 1D
+(VT/10)(V21[ p'p1P - 51 d 1P ~ VBLf 12 + V6L p'f + fF12)
TP =V375Lp F+ £ 510 - (1/VD[d'd1Y + V3700771
S0 =K[a'd) +V273Lp'f+ )P - VI3 1)
éz,supd,(sﬁ%ﬁ’(m' ,;‘/(0)_*_%1:(1).]:(1)+%9’2(2).9j(2>+41_5ﬁ(2), £
_,_(1/3\/7)(@(2), E@y 1:-(2),9?&))
—}51\7!‘2) . M(2)+;_g7‘—(3), T +1gW. @

Uy(5) [d'd1P = (1/V3)h, [d*d1 = (1/VI0) LY [d'd]3>
4
Cosuun=15 L [d'd1%.[d'd)® =FKd, (A, +5)
K=t

Upi(5) AP =(2/V3)(#, +1,) = (2/VS)N_
AP = (VIO p'F1LV + 2V F10) = (1/VID) L),
AQ =4(-2v6[ p'f+ ' p12 -2 p'FIP +VELf F1P)
HL”——JV SR AP+ F1D)
AY=1/v3 )(f [p*f'+f*ﬁ]<‘>—~/ﬁ[ﬁf']§:”>

A =1 K), Ky
Cz,sup,(s 0 Z H

Uyar(5) EQ = (1/V3) (28, + Aig+24,) FO =/ VIO L+ Ly+ L))
FO=—29?=[a'd1P+HAP FO=-3T®=[d"d1>+AY

A PN Ao
FP=29P=[d"d)P+HY

4 4
A =1 (K), K A A 1 + 31K, FK)
Cz.supdf(s) =3 1 F = szsud(5)+ Cz.sup,(5)+5 K‘él (d'd] H

K=1

Opa(5) FO =V L,+ Ly+ L)) E®
Cron =3 T FOFO =YLl FO-F)
=odd
Opdf(3) u) J_F(l) CZ-SF(” F(”=%l:pdf'l:pdr

implicit, and providing Ny4—2n,—3n,= 0. The quadratic Casimir operator has the
expectation value in the representation [0, u, 0, v, 0]

(Cosupuien =32+ V2 + uv +6(u +v)]. (12)

The U4(S) subalgebra is the usual d-boson algebra for vibrational nuclei, while the
U,(5) subalgebra is the algebra obtained using j, = j,=j;=j,=2in (2) and projecting
onto the negative-parity bosons [6]. The branching rules for Uy(5) are discussed in
the appendix. In terms of Dynkin labels, the branching rules for SUL(10) 2 SU4(5),
for fully symmetric representations of SU,«(10), are [ N,]~[»,0, N,c—2v,0], where
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v=0,1,...,[N,/2]. The quadratic Casimir operators then have the expectation values
<éz.sud(5)>=%Nd(Nd+5) (13)
(Casuis) =53 N Npe+ 5) +10v(v = Ny = 1)]. (14)

The U,q4(5) subalgebra is obtained by combining generators of the same rank from
the Uy(5) and U,«(5) subalgebras. The relation between the construction of the gen-
erators from Uy(5)@ U «(5) and SU4{6) are indicated in table 3. The representations
of SUp4(5) are obtained by coupling the Young tableaux of SU4(5) and
SU_«(5) given above. The result in Young labels for SU4(5)@SU,(5) = SU,u(5)
is  [N4®[n,, ns, ny,01=>[n+my, ny+m,, ny,, my], where m;+my+mi=Ng,
m,=max(0, Ny—n;),..., Ny, m;=0,...,min(Ng—m;, n,—-n,) and 0=<m;=
Ng—m;—m,<n,. The branching rules for the decomposition SU,4(6) > SU,4(5) in
Dynkin labels are obtained by the rules [0, n,,0, n,,0]>[i n,—i n,~j,j], where

i=0,1,...,n,and j=0,1,..., n,. For certain representations of O(10) the branching
rules O(10) > SU_4(5) are straightforward to establish. For example, (0,0, 0,0, v,,) >
[0, v;o—n,—1,0,n], where n,=0,1,...,v0—i and i=0,1,...,v,, and
(16,0,0,0,0)>[v,0—n,,0,0,n,], where n,=0,1,...,v,,. The quadratic Casimir

operator in Young labels [/,, I, 5, ;] has the expectation value
<éz,supdf(s>)=z—‘s[2(lf+l§+l§+13)—(lllz+1213+1314+11 L+ L+ L)

The 10 generators of O,4(5) are identified as the odd rank tensors of SU,4(5).
Methods for computing the branching rules [an,, n,, n;, n,]— (1, L) for SU,ar(5) 2
Opar(5) can be found in [14]). The quadratic Casimir expectation value in Young labels
is

(Caopgrs) =8 L(L+3) + L(L+1)]. (16)

The final subalgebra in this chain is the O,q4(3) subalgebra, which 1s generated by
FY=(1/v10)L oar- As before, the Casimir operator has the value (Cy=LL(L+1).
Branching rules (I, I,) > L for Opq(5) 2 Opar(3) can be obtained with the generating
functions of [15].

4.2. The SUspdf(3) limit (Ha)

This dynamical symmetry is the rotational limit of the model and is shown in table 3
and the generators in table 5. It consists only of class A algebras. As a consequence,
there is no natural octupole deformation in this limit, in spite of the fact that SU(3)
is conventionally associated with deformation. The U,{10)@ U,4(6) subalgebra was
already discussed. The next subalgebras are SU(3), which are realized by the usual
Elliott generators [16]. The branching rules [ ;] = (A,, u,) for U «(10) 2 SU«(3) have
been partially tabulated [S], while [ Ng]~ (A, ) for U,q4(6) 2 SU4(3) are well known
[3]. The usual form of this expectation value is given in terms of the Elliott (or Dynkin)
labels (A, &)

(Cosu) =HA + 2+ Au+3(A+ )], (17)

The SU,(3)@ SU,«(3) symmetry can be broken by combining the generators of the
two algebras into one SU,,4(3) algebra. A phase ambiguity that arises because one
can add or subtract the quadrupole generators can result in different physics. Although
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Table 5. Generators and quadratic invariants of the SU,4(3) limit (I1a). Refer to table 3
for subalgebra embeddings.

SU(3) [ =viord*d].” 02l =[s'd+d s} = (vT/2[d d)2
Cosiyn =820y Qu+3Ly- Ly)
SUL(3) L =valp 51l + 2L/ T 1
221 =(3V7/5) iLp Fr p]‘ '£{(9V3/10)[ p'F12 + (3vA2/10)[ £ F 1)
C2,SL,,(13)_9 2Opr pr+4l'pf Lpf)

SUpar(3)  Lllpar= Lt Ll Qillpar = Qiika = Ol
CistCypain = 9[2(Qsdiopr)( (Qsdiopr)" il- L]

04(3) £y, =viofa'd)y” C‘:,ow%i;'*i;“
0,(3) L, =va[p'p1l +2vIL L F1 Coop =4L0 - LLY
Opar(3) Léld)r w= LAisl + L;:)l()u. Gom= %I:‘pld)l" Liy:

the energy levels are invariant with respect to the sign, the E2 transitions are not. The
branching rule for (A, u,)®(A,, u2) = (A, u) are easily determined from their corre-
sponding Young tableaux.

We note that the SU4(3)@SU,(3) symmetry can be broken a second way to

04(3)®0,«(3), generated by the operators Ly’ and Ly, respectively. The branching
rules for SU(3) > O(3) are well known [3] and w1ll not be repeated. Each of these
algebras has quadratlc Casimir expectation value (C2 o3 =3L(L+1). Finally, Opar(3)
generated by L'Y is common to both SU,4r(3) and O4(3)@ O,+(3), and the branching
rules are the usual angular momentum couplings.

4.3. The SU,4(3) limit (IIb)

This limit, originally suggested as a limit that contains parity doublets [17], is shown
in tables 3 and 6. It contains two class C subalgebras: SU,4(6) and SU,4(3). The
SU,qr(3) algebra has the feature that the quadrupole operator is of mixed parity, and
an E2 operator is contained in the SU_,4(6) algebra. This limit is a strong candidate
for a description of octupole deformed systems. The subalgebras and branching rules

Table 6. Generators and quadratic invariants of the SU,4(3) limit (IIb). Refer to table 3
for subalgebra embeddings.

ULae(6) (See table 4 for generators and Casimir invariant)

SUpar3) L, =V2Lp'51 +VI0[d"d],) + V7L 11
FY =~V6/3(p'd ~d"p17 - V1a73(d " f - f'd] >
VIOV p AL - 5Ld 1Y —VBLS 1Y + 28 p T + 1752
éZ.Ser¢(3}=%(2ﬁ‘2]'ﬁ(2)+%£pdf' I:pdf)

0..,(3) Lm C“v _11:(1;.1‘_\1;
pdf pdf.u 2,003 = 2hpar " Lpar
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for Uyr(15) and SU4«(6) have been detailed above. The quadratic Casimir has the
expectation value

<ézsu ”<3>>:<l)[)\:+#:+/\l~t+3(/\ +u)l. (18)

The branching rules [0, u, 0, », 0] (X, u) for SU,4:(6) 2 SU_41(3) for low- dlmensional
representations can be found in [18]. The O,4(3) subalgebra is generated by L., with
the same branching rules referred to in limit Ila.

4.4. The SU,,4(4) ~ O,,4(6) limit (I1la)

This limit corresponds to the coupling of the O,4(6) ‘y-unstable’ limit to the O,«(6)
limit of the negative parity bosons, as indicated in tables 3 and 7. The only algebra
not of class A is SU(4)@ SU(4), which is of class B, which can be used to bring about
octupole deformations in a y-unstable system. The subalgebras U(6)® U,(10) and
SU(4)@SU(4) were discussed above. The U,(4) algebra is the algebra obtained with
ji=Jj»=j3=js=3 in (2) and projecting onto the pf boson subspace [6] The O,{6)
algebra is obtained by removing the rank-0 number operator EQ = A, + 1 from Ug(4).
(Projecting onto positive- rather than negatlve parlty bosons produces the O.4(6)
algebra.) In table 7, the pairing operator is Psd-—d +d"—s"-s". The Dynkin label
branching rules [ Ny]-[n,, n,, n;] for representations of Upf(lO) > SU,(4) ~ O,e(6)
are given by the rule [ Ny] = [2], —61,, Nyc— 1, —4l5, 21,], with the restrictions /, = N,
Nee=2,...,3Lor3L+1, L,=0,1,...,[N,/3] and 1;=0,1,...,(Ny—1,)/4. The rep-
resentauons are labelled in terms of the SU(4) labels since Young tableau methods
for Kronecker products and subalgebra representations are well known. (The relation
between the Young labels of SU(4) [n,, n,, n;] and the usual Cartan SO(6) labels (/,,
L, LYyisny=1,—1,, ny=1,—1; and ny=1,~;.) The branching rules [ N4]~ (v, 0, 0)

Table 7. Generators and quadratic invariants of the SU,_4(4) ~ O, 4¢(6) limit (IIIa). Refer
to table 3 for subalgebra embeddings.

0,4(6) R\ = /Z[d 1Y = (VLY Ki=[s'd+d's)y R =-y2d"d]>
Cz,Osd(G) KZ;O R R < S[Nsd(Nsd+4)_PZd'Psd]

0,i(6) EV = (V2 p BN + 2VTLF T I = (V3 L
ER =YV p'f+ 512 - 2V8[ p" 512 +2VZIL £ F12)
EQ =Ve/3(V2p' f+ B2+ 1171
CZ,OP,—(G)=%(%£(pr)'LA(p]fJ+E(2"EA(:)+ E‘u),é—m)

0, par(6) B =23 = (VB2 p A1 + VIOl A1V + 2V S 1Y) = (1/V3) L
B =2G, =[s'd+d"s)+ WIS p T+ f 512 ~WELp 52 + WAILS 1
B =2 =21 - VI A1+ 23T p EATN ISR T

G0 e =84 Lo Lde+ B2 B2+ B0 B

Opar(5) B =(1/V3)(VALp 1L + VIOl A1) + VTS T 1) = (/B Li
B =21 = Va75(—v3[d A1 + VB[ p'f + 1510+ V3L £ F12)
Cz,o,m(su & L(pld)f. Ligi+ B BY)

0..(3) L” C‘\ —11:”“1:“)
pdf pdf,u 2,0(3) T 2 pdf pdf
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for SU4(6) 2 0,4(6) are given in the appendix. The quadratic Casimir invariants in
the representations (v, 0, 0) and [n,, n,, n;] have the expectation values

(Cooen = Hvua(vis+4) (19)
<éz,op,(6>> =16[3(ni+n3i+n3)=2(mn,+ nany+ nyn,) +4(3n, + na - ns)J. (20)

The O,,4r(6) subalgebra appears as a subalgebra of SU(4)®@SU(4) and Oy(6)@®
0,(6). The O,,4(6) subalgebra of SU(4)@SU(4) is obtamed by keeping only the
even-parity generators of SU(4)®SU(4), defined by 9’(’ ) (K =1,2,3). The same
generators can be obtained by combining the generators of 0.4(6) and O,{6). The
quadratic Casimir operator and its expectation value in Young labels are

(Coopien =s[L(L+4)+ L(L+2)+ 1], (21)

The branching rules for O,(6)@0,(6) 2 O,p4e(6) and SU4)@DSU(4) 2 Opqel6) are
obtained by the usual Young tableau methods for SU(4).

The odd-rank tensors form the subalgebra O,4{5). Since we retain SU(4) labels
for the algebras we denote O(6), the branching rules for SU(4) ~ O,41(6) 2 O4(5) in
Young labels are [n,, n,, n;]> (1, l,), where (n,+n,—n;)/2=0L=(n,—n,+n;)/2=
l,=|n,— n,— n;|/2. The quadratic Casimir operator then has the expectation value

(Cro i) =2 h(h+3)+ L+ 1)]. (22)

The remammg subalgebra structure is just the usual O,4(3) subalgebra, generated by
BV =(1/V3) L par- The representations of O,4(3) contained in the O,4(5) representa-
tions can be found with the generating function of [15].

4.5. The SU,4.(4) limit (I1Ib)

This is another SU(4) limit (see tables 3 and 8), but unlike limit (IIIa), the generators
here do not commute with the number operator for positive- or negative-parity bosons.

Table 8. Generators and quadratic invariants of the SU_4;(4) limit (11Ib). Refer to table 3
for subalgebra embeddings.

Upar(6) (See table 4 for generators and Casimir invariant)
Opae(15)  [p'A1  1d°d1GY  [F7I [dh+ (-1t Al

[f5-( >pf']‘54'3"" [f1d+(-1*rd f1
Czopdus;:zl_o[ pdr(dir+13)‘P;ar'de(]

SU,q1(4) L =2l p p1l + VIO A1 + 2V £ F 10
M2 =—V37T0[p'd +d"§1 2 +V77T0[d " F+ A1
T3 =V3730p '+ 1510 - (VDA )2 +V3TTO 71
é:,suwm =%(%Dp‘u)f' Dpli)r‘ M(2),M1:'+ Fa 'IA""")

A

Opar($) LY =2l p Bl +VI0[d*d1) + 2V £ 710
T'3 V3P f+ B = (VDA A1 +VITTO S 1Y
aomng@‘ WAV A b

Opdf(3) L;hlru C Kele ]L;\d( L(p]d]f
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There are three class B algebras (O,4{15), SU_4(4) and SU(4)@SU(4)) and one class
C algebra (SU,4(6)). This limit is a candidate for Hamiltonians describing octupole
deformed systems. The existence of the SU,4{4) subalgebra is a result of the same
structural zero of the 6-J coefficient (8) that allowed the closure of the O(10) subalgebra.
The expectation values in the fully symmetric representation of O,4(15) and the general
representation of SU(4) are

<éZ,0pdf( 15)) = 26Vpar( Upar+ 13)

(Cz,supd(<4>>=3'lz[3("€+ n§+n§)—2(n1n2+n2n3+ nyn ) +43n +n,—ny)l.
The restrictions on the Dynkin labels for U,q(15) = 0,4(15) are [Nygel= (vpar,
0,0,0,0,0,0,0), where v,4=0,1,. pdf The Opdf(S) subalgebra of SU,4(4) is

generated by odd-rank tensors L(])f and 1 3 WlllCh is identical to the O df(s) algebra
p
dlSCUSSCd 1mn llmlt II1a.

(23)

4.6. The Oypur(4) limit (1V)

This limit, shown in tables 3 and 9, is composed of class B subalgebras (except for
0,4¢(3)). Octupole deformed systems will arise naturally from any Hamiltonian con-
structed in this limit. The maximal subalgebras O,,q¢(16), SU(4)@SU(4) and O(10)
have been detailed in section 3. Their common subalgebra is Sp(4)® Sp(4), whose
construction is most easily seen in terms of the odd-rank generators of SU(4)@SU(4).
As with the construction of the SU(4)®SU(4) quadratic Casimir operator, only the
contribution of good parity (the sum of the quadratic Casimir operators of each Sp(4)
algebra) is of interest. The Young label branching rules for SU(4)@®SU(4) > Sp(4)®
Sp(4) are [ny, ny, n3]1®@[ny, ny, my]> Uy, )@, L), where I, L=n+j—i, L, l,=
ny—ny—j+iand i=0,1,..., min(n;, n,—n,). For certain representations of O(10),
the branching rules to Sp(4)@® Sp(4) have a simple form (N, 0, 0, 0, 0) > (0, {,)®{0, 1),
where =k, k=2,...,10r0; L=N—-k,k=N,N—-1,...,0;(0,0,0,0, N)>{l,, ,)®
(I, L), where 1 =N, N-2,...,1 or 0, L,=0,1,...,[1,/2]; and for N=1,
(N,0,0,0,1)>(1, 1)®Q, L,), where:ll N-2i-L,-k1,=0,1,..., N-2i,k=0,1and
i=0,1,...,[N/2]. The expectation value of this operator in these Young label rep-
resentations is

(Cospwospan =TLL (L +4) + L(L+2) + L(L+4)+ 1,(L+2)]. (24)

Table 9. Generators and quadratic invariants of the O,,4(4) limit (IV). Refer to table 3
for subalgebra embeddings.

Sp(4)@Sp(4) LV =v2[p'p1V+VI0[d d1 + V7L £ 71
DY =V3[s"5+p's) - 2v2 p'd +d 51V +VT[d F+ £ A
T =VIT3[p f+/ 512 - (1/V2)d"d1 +V3TTOL /1%
O =Als"f+£7 512 +1V375[ p'd + d 513 +V373[d " f+ A1
éz,Spum@sm(m = Ciz.s;a(,m)'*' éz,smm = %(%fz + 7‘-2 _;_ODAZ - OZ)

O,par(4) Lyir =V p B +VT0Ld 1, + 2701 T 1,
DY =V3ls"p+p SL-2vVaptd + d 7B+ VIl T+ D)
Cz,om 4(Lpdf_D2>

fot Lt o
Oper(3) Lodin Crony=3Lik Lo
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The O(4) subalgebra is generated by the two rank-one tensors L'’ and D', and
has the Casimir operator expectation value

(Crow) =3 0L(L+2)+ 1] (25)

The branching rules for Sp(4)@ Sp(4) > SU((2)@SU(2) ~O(4) can be obtained from
the O(5) ~ Sp(4) > SU(2) generating function of [15], or from extensive tables [18, 19].

4.7. The O,:(5)@0y(5) limit (V)

The O,{5)@04(5) limit has been included in the pdf classification of dynamical
symmetry limits as the algebras in this limit are closely related to most of the previous
limits. The structure of this limit is displayed in table 3. The maximal subalgebras of
U,,ar{16) have been discussed in section 3. The subalgebras Uy(5)@ U,«{(10) and
O,4r(15) have been discussed in limits I and IIIb, respectively. The remaining two
subalgebras at this level in table 3 are O,4(6)@0,{(10) and O4(5)@O,,(11), whose
general properties and branching rules are discussed in the appendix. Of the remaining
subalgebras, only O4(5)@0,«{10) falls into the classification of the appendix. The
algebras Uy(5)@ U«(5) and O,4(6)@ O,¢(6) are the same algebras discussed in limits
I and I1Ia. The algebra O4(5)@ O,(6) is the same as in limit [11a if we replace O,4(6)
by O4(5), and the Uy(5) > 04(5) embedding falls into the class of the appendix.
All these algebras can be broken to O4(5) @ O,«(5). The O4(S) and O,(5) subalgebras
of Uy(5) and U,«(5) are obtained from the odd-rank tensors. Similarly, the O4(5) and
O,¢(5) subalgebras can be constructed from the odd- rank tensors of Oy4(6) and O,(6).
Explicitly, O4(5) is generated by [d’d]! and [d"d]", and O,«(5) by

I-AI“’=—~— * (|>+ TRy T FY
H;f’=Fm(ﬁ[ﬂﬁfﬂf’—[f*f']‘:».
The quadratic Casimir operators are
Croun=% T [d'd]'M-[d°d]' =R, (A, +3)- B} B,]
K =odd
(27)

Cz Opi(5) = % Z A%.q® =§(%]:if+ Tz)-
=odd
Here Py =d" d". The branching rules depend on the intermediate subalgebras. For
O4(5) the rules are simple since it is a subalgebra of O.(6) and Uy(5), for which both
cases are well known [3] and fall into the class discussed in the appendix; Oy(5)is a
subalgebra of O,«(6), O,(10) and U,(5). The O(6) ~SU(4) > O(5) branching rules
were discussed in limit IIIa. The U,(5) > O,«(5) and 0,(10) 2 O(5) branching rules
can be found in standard tables [18,19]. The expectation values of these operators
are then (in Young labels)

<62,Od(5)>=évd(vd+3) <éz,op,(5>>=?1>[11(l)+3)+12(12+1)]- (28)

The O4(5)@O,(5) algebra can be broken to O,4(5) by adding the generators. This
produces an algebra which is identical to the O,4r(5) algebra of limits I, I11a and I1Ib.
The representations obtained from the Kronecker products of the O(5) representations
can be found in [19]. This algebra can also be broken to O4(3)@0,+(3) by keepmg
the rank-1 operators Ld” and L . The Op4(3) algebra is then obtained from Lpdf
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5. Other dynamical symmetry limits

In the previous sections we have studied the structure of most of the subalgebras that
appear in the full algebraic lattice of U,,4«{16). In order to complete the classification,
we briefly discuss the remaining algebras that have not been previously detailed. A
property common to all of these subalgebras is that they either couple pf bosons to
sd bosons only at the level of SU(2), or they do not contain good boson angular
momentum in any subalgebra with rank r> 1. These algebras, although not of direct
physical importance, are included for completeness and shown in table 10.

5.1. Limits including Sp(8) and Sp(6)

The symplectic limits that contain Sp(8) and Sp(6) are not of central interest but are
included for completeness. One of the common features of limits involving these
algebras is that they do not contain physical boson angular momentum.

The algebra Sp(8) appears only as a subalgebra of SU(8) in the SU(8)®
SU(2) = Sp(8)@SU(2) limit of U ,4(16). The 36 generators of Sp(8) can be taken as
the odd-rank generators #'do” (K =odd), £45' and either $'5° (K =2,3) or § X%
(K =2, 3), since neither of these appear in the Ca51m1r operator. The Sp(6) subalgebra
of Sp(8) is generated by the %‘KO’ (K =o0dd), and the SU(2) subalgebra of Sp(6) is
generated by #3J. The quadratlc Casimir operators and their expectation values in
Cartan labels are

(Crspisy =5l L (1L +8)+ (1L +6)] (29)

where the branching rules for SU(8)=>Sp(8) is [n,, n,, 0,0,0,0,0]>{(n,—i, n,—1i,
0, 0), where i=0,1,..., n,. For the Sp(6) and SU(2) subalgebras
<éz,5p<6>>:%[m1(m1+6)+mz(mz+4)]
(30)

<éz su@)) =%j~(}7+ 1)

with the Young labels for the reduction Sp(8)>Sp(6)@SU(2) being given by
,1,0,00>( —j— kl;—z—k O)®],where2]—z+j, =0,1,...,5L,j=0,1,..., I, —
I, and k=0,1,. -1

The SU(8)(—DSU(2) symmetry can be broken a second way, via SU(8)@
SU(2) > SU(6)®SU(2)@SU(2). The generators #ae” and £JS’ form the SU(6)@®
SU(2) subalgebra of SU(8). (The SU(2) algebra is the same as that in the previous
paragraph.) The SU(6) > Sp(6) subalgebra is generated by the odd-rank generators
FXY (K = odd). At this point the decomposition is identical to the discussion of Sp(6)
in the previous paragraph, and

<éz SU(6>>="11'6['"1("1|+6)+mz(m2+4)] (31)
where the Cartan labels for SU(8) > SU(6)@SU(2) are [n,, n,,0,0,0,0, 0]—>[n1 ~j—k,
n,—i j,OOO]@j, with 2]~1+k j=0,1,...,m, i=0,1, ,—j and k=
0,1,...,n,—n,. For the SU(6)>Sp(6) decomposition, the Young label branching
rules are [nl, ny, 0,0,0]>(n, —i, na—1i, 0), where i=0,1,...,n

A similar decomposition arises for Ug{12) in the chain Uy(12)> SU(6)@
SuU(2) > Sp(6)@SU(2)(-BSU(2) The SU(6)@SU(2) subalgebra is generated by 9(’ (K0
(K =odd) for SU(6) and 9’("0” for SU(2). Then the SU(6) symmetry can be broken
to Sp(6) in the same way dlscussed in the previous paragraph. The O4(12) algebra
also has Sp(6)@SU(2) as a maximal subalgebra.
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Table 10. Generators and quadratic invariants of the SU_4((15) > SU(5)@SU(3), U, 4(9) >
SU(3)®SU(3) and U,4(8) > SU(4)@SU(2) chains of U(16). Refer to Ref. 8 for sub-
algebra embeddings.

Sp(8) FEOK =0dd), 89 and either & (K =2,3) or FENK =2,3)
SU6)®SU(2) 3?(0’%01 @gg)
Sp(6) FKO(K = o0dd)
SU(2) g‘ggg)
Cospmy =$(LN0- LU0 5 gptKO, Gk Cosper=3 L KO . GpKD)
K =odd K =odd
s
Crsue =4 KZ;O HKO. Gtk Crsuiny =100 g0
Upa(9) > Su(3)@SU(Q3)
IO, =3(A,+ A+ ) IO, = (/VE(LY+ L)
SU(3)®SU(3) IY = -Ys"p+p's)P+ (V3N p'd+d F1Y
32, =~ (VAP FIY + (VI3 A1 +¥sTd +d*s]D
2@ =[p'd+d'F1?
Cz,su(s)@sum—%K;Z(QLK)~9&K’—£2(_K>.Q(_K>)
SUopa3) [0, = VB3
P =38, = [s'd+d"51P + (VT/D[d 1D - (/2 p 1D
U SR =VBLP+ L) G =[pd+dFIP
Ospal4) 9L, = (/B LY+ L)
89 = -Ys'5+p's) P+ (V3/3)p'd+d 1Y
U,ar(15) > SU(S)@SU(3)

MEY =4/37T0 L0 +4/576 LY +3V2TT5 L,
~(/2Y5)[p*d - d'F1Y - WI/T3d - A1

ME = (V110 p'p1 +(1/2V3)[d d 1D +(2V2 /5>[ff]o+(1/5f [p'f+r 512
-WI/15( ptd - d'51Y —V2715[d " f - 111D

SU(s) MED = VST + VP T+1519
-[p'd-d'F1P~-V273[d'f-£1d1Q)
MED = —(2/3VD)[d*d 1Y+ WIS £ 19
l/f)[p 1S -3 ptd - d ' F1Y

(K0) (K0) A - /1(KO0)  7(KO0)
Cz SUG) = Z M M Goi = < ) R M - M
=1,3

(1‘-2‘0(3) = 15‘/“(10) . Muo)

SuU(3) MEY = —(1/2VT0) L\ + (1/6vT0) LS, + (1/3VI0) L1
+Wip'd - d'FIY + T3 - A1)
MEZ = (1105 p*51E - WT/13[d" AV + WTTTOL S F 18 + 2173 p'F + £ 51
- (V3/10)[ p'd - d*F1Y +IV1473[d " F - £1d 1@
éz.su(s) =} KZ:] R MK O CA’z.sum =S4 4O
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Table 19. (continued)

U,4(8) > SU4)®SU(2)

AUY = (1/4/TONSLY +3L0) =i p*d —d 51

SU4) #3= (V38 p F1G +(VT/Ad d1§ - (V3/4)p'd -d F1Y
R =4d"d13 - W32 pTd - d 51

SU(2) AR = (1/4VIN LY - L0+ (V3/a) p'd —d 51
C:,sum:.‘i Kil ‘%(Km_j?(xm é:,s;,m:%’(;.} ‘%‘(KO).%(KOI’
C‘~2'5L(2)=5‘,7‘2(10;_ﬁ[10; éz,suz;=37§‘0”“’]§w”

5.2. The SU,4(15) > SU(3)@SU(5) decomposition

It is convenient to reahze these generators in terms of the pseudo-spin representation
in (2). Denoting by /&(Q Q ' the generators obtained by substituting j,=j,=2 and
j»=js=11n (2}, the separation into SU(5) and SU(3) generators is natural. (SU(5) is
generated by the 24 generators with only left indices #(G;”.) The number operator

ML = (1/15) Noyr can be added to either algebra. The odd rank tensors form the
O(5)6—)SU(2) subalgebra of SU(5)®SU(3), which is also a maximal subalgebra of
O,4:(15). The Young label branching rules for SU,4(15) 2 SU(5)@ SU(3) are [ Nyur]
[n,, ny, n,]®[n, —ny, n,—n;], where m=n,=n;=0 and n,+n,+n;=Nyy. The
branching rules for SU(5) 2 0O(5), O(5) > 0(3) and SU(3) 2 0(3) were discussed in
limits I and II. The expectation values of the quadratic Casimir operators in Young
labels are

<éz,su5)> =%[2("%+ n§+ "g) —{(nny+nny+nyns) + 520+ ny)

(32)
(Cro) =slL{1+3)+ L(L+1)] (Crom)=3L(L+1)
and switching to Elliott (Dynkin) labels A = n, —n, and u = n,—n, for SU(3):
(Casum) =3+ p+ Au +3(A + )] 33)

(éz,su(2>> =3J(J+1).

5.3. The SU,pu(3), SU,a(3) and O,,4(4) subalgebras of U.,4(9)

The U,,4(9) algebra alone is an interesting algebra since it couples dipole degrees of
freedom to collective quadrupole excitations. Analogous to the two distinct SU(4)
subalgebras of SU(4)®SU(4), the SU(3)@SU(3) limit of U,,4(9) admits two distinct
SU(3) embeddings, along with an O,,4(4) subalgebra. The most natural representation
of Uspd(9) is _provided by (2) with ji=j,=j;= ]4—-1 and with the additional phase
(=1)(V2HL*LI7L: These generators are denoted Q% Analogous to the SU(4)@
SU(4) algebra, generators of good parity can be deﬁned by 9K = 9K+ 99" and
I = —i(I K~ I0K)). The even-parity quadratic Casimir operator is constructed
from the sum of the two quadratic Casimir operators of each SU(3). The Young
branching rules for the decomposition of U, ,4(9) into SU(3)®SU(3) are given
by [Nl 2[ny, n,1®[n,, n,], where ny+n,= N, —3x, n,=2n,=0 and x=0,1,...,



The U(16) algebraic lattice: 11 5691

[ Niot/3]. The expectation value is

<éz,SU(3)®SU(3)>=§[/\2+#2+/\M +3(A+u)] (34)

where A =n,—n, and u = n,.

There are three subalgebras of SU(3)@SU(3), which we call SU,4(3), SU,4(3) and
O,pa(4). SU,4(3) and SU,4(3) correspond to the embedding of the (02)®(01) and
(11)@(00) representations into the (01)®(01) representation of SU(3)@SU(3).
SU,,4(3) is formed by the quadrupole and angular momentum operators: \/_Q“L and
(2)2,2.. This SU(3) algebra corresponds to the coupling of the two SU(3) algebras.
The only subalgebra is generated by L\4.

The O;p4(4) subalgebra is generated by the angular momentum operator 9" and
the dipole operator am, Branching rules correspond to the usual SU(3) > SU(2) rules
mentioned in limit I1. The subalgebra of O,,4(4) is generated by 9 V.

The remaining subalgebra of SU(3)®@SU(3) is SU,4(3), and is generated by the
angular momentum operator 9 and the odd-parity quadrupole operator 3'*'. This
algebra has the same Casimir operator expectation value (17) discussed in limit II.
This algebra closes on SU(3) as a result of the structural zero of the 6 ~J coefficient

223
£ (39)

Further, this SU_4(3) subalgebra is also a maximal subalgebra of O_4(8).

5.4. The U,(8) = U(4)D U(2) subalgebra

The U, (8) algebra can be represented by the generators of (2) with j, =j;=2 and
j»=Jjs.=3% which we refer to as %' OK As usual, the left and right indices generate
SU(4) and SU(2). The rank-0 operator R —(1/2\/_) ,a can be added to either
algebra. The subalgebra structure of SU(4) is SU(4) > Sp(4) > SU(2), where Sp(4) is
generated by the odd-rank tensors of SU(4). Branching rules to Sp(4) and SU(2) are
identical to those in limit IV. The Cartan label branching rules for the reduction
SUpd(S)DSU(4)@SU(2) is [Nyl- [(di/2)+j, (Npa/2) - 7,01®[j1, where ] =

Noa/2, (Npa/2)— .,3 or 0. The expectation values of the quadratic Casimir
operators are

<éz.sU(4)> =%[3(”%+ ng) —2nny,+4(3n,+n,)]
A (36)
<C2,Sp<4>> =L2[1 (l,+4)+ 1’(17'*'2)] <Cz,sur2)> =%L(I~+ 1).

5.5 0(7)>G,>0(3)

The only exceptional subalgebra that appears in the U, 4(16) lattice is the usual G,
subalgebra of Of(7), the f-boson algebra. The decomposition is U{7) 2 O{7)>G,>
Of(?z), and has been studied in detail [20]. O({(7) is generated by the odd-rank tensors
[ff1" (K =1,3,5) and G, is generated by the tensors with K =1, 5. The quadratic
Casimir operator of G, is equal to  times the quadratic Casimir operator of O4(7),
hence G, has no separate dynamics. Since the representations of O«(7) are fully
symmetric (v, 0, 0), the branching rules for Of(7) > G, are (v, 0, 0) - (0, v).
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6. Conclusions

We have explicitly constructed all the dynamical symmetry limits of U,,4:(16). The
complex structure of U,,4{(16) can be seen to reduce to seven pdf dynamical symmetry
limits, which we studied in some detail. By introducing three classes of algebras, the
pdf algebras can be classified in terms of which algebras provide descriptions of
octupole deformation and so forth. The explicit construction of the generators provides
the structure of transition operators in the dynamical symmetry limits. The framework
is now available to construct dynamical symmetry Hamiltonians from the Casimir
invariants. Although many branching rules have been established, the full state-labelling
problem for the subalgebras of U ,4(16) has not been completely solved. In practice
one can resort to existing computational schemes to obtain branching ratios. However,
with the explicit constructions of the Casimir operators and generators, existing
numerical methods [21] can be employed to solve the general dynamical symmetry
and broken symmetry U(16) Hamiltonian. These calculations, together with electromag-
netic transition strengths, are further steps that are necessary to establish the physical
relevance of the dynamical symmetry limits.

Acknowledgments

Support for his work was provided by the National Science Foundation under grant
no 87-14432.

Appendix

More than one third of the subalgebras of U ,4(16) are of two basic forms. Specifically,
we refer to the subalgebras of the form U(Z (2/,+ 1)) and their subalgebras of the form
O(2 (21, +1)). The representations are always fully symmetric, leading to simple
expressions for general branching rules and Casimir operator expectation values. Since
there are 14 groupings of s, p, d and f bosons (p, d, f, sp, sd, sf, pd, pf, df, spd, spf,
sdf, pdf, spdf), there are a total of 28 unitary and orthogonal subalgebras that fall
into this class. These correspond to U(n) and O(n) with n=3,...,13, 15, 16 and with
two n =8 values.

A.1. Unitary algebras

Consider the set of boson creation and annihilat‘iqn operators with spin {/,, ,,...}.
The n* (n=3%, (2/,+1)) generators of U(n) are [b; b, 137 with L=, —1],..., I +1 (all
I, 1). The quadratic Casimir operator for SU(n} is

C:,su’w=—31]</(]</+n) (A.1)
2n
where N = 2,0 =2 v2I + l[b;‘, 5,, 0. The branching rules are especially simple. The
two cases that appear in the U,,4(16) subalgebra structure are U(n,) > U(n, —1) for
which [N,0,...,0]>[N,,0,...,0], with N,=0,1,..., N,, which refers to the
decoupling of an s boson, and U(n,+ n,) > U(n,}® U(n,) for which [N,,0,...,0]~>
[N2,0,...,0]®[N,-N,,0,...,0] with N,=0,1,..., N,.



The U(16) algebraic lattice: 11 5693

A.2. Orthogonal algebras

For every algebra U(n) constructed from the n* bllmear products [b, b.145, the O(n)
subalgebra is glven by the 2n(n~1) generators [b,lb,I S (L= odd) and [b), b,
(—1)Phtpl b1\ where L=1,—1,..., 1, +1, for all I, and I, with I, = 1. Here the
phase P must satlsfy the relation

P(L?n 11, 13)=P(L1, 11, 1:)+P(L2, 12, 13)+L1+L2+L3+1 (A.2)

imposed by requiring the O(n) algebra to close. A convenient choice of P, which
retains the form of the O,4(6) algebra of the 1BmM-1 model and the O,,(4) algebra of
the Vibron model [22], is provided by

0 if l, or L,=0

A3
L+1,+1+1 if 1, and ,>0. (A3)

P(L 1, L)= {

The quadratic Casimir operator of O(n) where n =2, (21,+1) is

-

Czo(n)z 1 <N(N+n 2)- ZP[ PI+ Z (-1 HHPK”)U’ b](K by b](K))
’ 2(n-2) LK
=l

—2(n_2)[N(N+n 2)-P - P] (A.4)
where we use the usual definition of the pairing operators for bosons of spin I
=b, b, and P, b, b,. The choice of phase does not effect the expectation value
of C,, but only the form of the pairing operator P. For example, the pairing operator
for O(16) using P(K,l,,L)=K+11is P =s-s +p -p'+d"-d"+f -, while for
P(K, I, 1) asin (A3), P'=~s"-s"=p - p"+d"-d"—f"-f". Since the representations
are fully symmetric, the expectation value of the quadratic Casimir operator for O(n)
in the Cartan-Wey! basis is v(v+n—2)/2(n—2), and we have

(P Py=N(N+n-2)—v(v+n-2). (A.5)

Equation (A.5) illustrates the relation between the pairing operator P and boson
seniority, given by (N -v)/2. The branching rules for U(n)>0(n) given by
[N,0,...,0]>(v,0,...,0) withv=N, N-2,...,10r0, and for O(n,+n,) >0(n,)®
O(n,) given by (v,,0,...,0)->(v,—2k-v,,0,...,0)®(v,,0,...,0) where v,=
0,1,...,v,-2kand k=0,1,...,[0v,/2].
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